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Abstract. Given a pair B, C of q-commuting, hereditary C * -subalgebras of a unital C * -algebra A, such that B ∩ C is σ-unital and 1 ∈ B + C, there is an element h in A, with 0 ≤ h ≤ 1, such that h is strictly positive in B and 1 − h is strictly positive in in C. Moreover, h − h 2 is strictly positive in in B ∩ C.
As a motivation for Urysohn's Lemma on a normal space X it is often pointed out that if X were a metric space the result would be almost trivial: Given disjoint, closed subsets E and F in X define f in C(X) by
This Urysohn function has the added distinction that it lies strictly between 0 and 1 off E ∪ F . Actually, the existence of such a strict Urysohn function is assured in more general cases: If X \ (E ∪ F ) is a co-zero set, i.e. for some function b in C(X) we have E ∪ F = {x ∈ X | b(x) = 0}, then, assuming that 0 ≤ b and b ∞ < 1, we choose an arbitrary Urysohn function g, relative to E and F , and obtain a strict one f by taking
In [1] , [2] and [3] Akemann showed that there is a perfect generalization of the Urysohn Lemma to the non-commutative setting of C * -algebras. His results were subsequently generalized by Brown, who proved the non-commutative version of interpolating a continuous function between a given pair of semi-continuous functions [5, 3.16 ]. Brown's argument was adapted to give a short proof of the AkemannUrysohn theorem in [4, 2.7] .
The aim of this note is to establish a strict version of the Akemann-Urysohn result. In its most palatable formulation it sounds as follows: Theorem 1. Let B and C be hereditary C * -subalgebras of a separable, unital C * -algebra A such that 1 ∈ B + C. If B and C have approximate units (u n ) and (v n ), respectively, such that u n v n − v n u n converges to zero in the σ(A, A * )-topology, then there is an element h in A, with 0 ≤ h ≤ 1, such that h is strictly positive in B and 1 − h is strictly positive in C. Moreover, h − h 2 is strictly positive in B ∩ C.
In this version the result is certainly new, and we consider it interesting enough to merit attention. However, one of the corollaries in Brown's paper, [5, 3.35] , shows how to deduce strict Urysohn results from ordinary ones. Although this method could be applied to the Akemann-Urysohn theorem, we believe that our approach is less involved, and -more importantly -the formulation is more user-friendly. The inspiration for the present work was a question raised by Loring (answered here as Corollary 4) about a detail in one of the arguments in [7] (Theorem 16.1.1), later also used in [6, 6.1] .
Recall that if A is a C * -algebra with enveloping von Neumann algebra A * * , a projection p in A [3] . A complete discussion is found in [5, 2.D] (pp. 902-908). Finally, let us agree that an open projection p is σ-compact if there is a sequence (a n ) in A + , such that a n p (strong and monotone convergence in A * * ), i.e. if the associated hereditary C * -subalgebra her(p) is σ-unital. By [5, 3 .34] p is σ-compact if and only if it is the union of a sequence of compact projections. Evidently, these last notions are only interesting in the non-unital case, where we let A = A ⊕ C denote the unitized C * -algebra obtained from A (the minimal unitization) and denote by M (A) the multiplier algebra of A (the maximal unitization). Also the notion (by Aarnes and Kadison, cf. [8, 3.10 .4]) of a strictly positive element h in a C * -algebra A belongs to the non-unital theory. By definition ϕ(h) > 0 for every state of ϕ of A, which means that zero is not an eigenvalue for h (in A * * ). Equivalently -and this is the main application -the sequence (f n (h)) is an approximate unit for A for any choice of positive, continuous functions (f n ) that vanish at zero and increase pointwise to 1 on sp(h) \ {0}. Thus, whenever A is σ-unital (i.e. has a countable approximate unit) it has a strictly positive element and thus an approximate unit consisting of pairwise commuting elements. Going further, such an approximate unit can even be chosen to commute approximately (in norm) with any given separable subset of A, cf. [8, 3.12.14].
Theorem 2. If p is a compact and q an open projection relative to a C
* -algebra A, such that p ≤ q and such that the open projection q − p is σ-compact, then there is an element h in A, with p ≤ h ≤ q, such that h is strictly positive in her(q) and 1 − h is strictly positive in her(1 − p) (calculated in A). Moreover, h − h 2 is strictly positive in her(q − p).
Proof. The existence of an element k in A + with p ≤ k ≤ q is the Akemann-Urysohn result as formulated e.g. in [4, 2.7] . To obtain a strictly better element, choose a strictly positive element b in her(q − p) with b < 1. Then define
(cf. the formula ( * ) from the introduction). Note that -working in A in the non-unital case -
From the definition we see that
Similarly,
It follows that h ∈ her(q) and 1 − h ∈ her(1 − p) (inside A is a hereditary C * -subalgebra of A. That h − h 2 ∈ her(q − p) follows by a similar computation, or by using the fact that
since the open projections q and 1 − p commute.
To verify that h is strictly positive in her(q), let ϕ be a state of her(q) and let ϕ also denote its (unique) extension to a state of A. Assume, to obtain a contradiction, that ϕ(h) = 0. This implies that ϕ(p) = 0 and moreover
Since k, and therefore also (1 − k) 1/2 , multiply her(q − p), and since ϕ is really a state of her(q − p), it follows that ϕ((
) is a positive functional on her(q − p). As it annihilates the strictly positive element b by ( * * ), it must be zero, i.e. ϕ(1 − k) = 0. Thus ϕ is supported by the spectral projection of k corresponding to {1}, so ϕ = ϕ(k 1/2 · k 1/2 ). In particular, by ( * * ), ϕ(1 − b) = 0; whence ϕ(b) = 1, in contradiction with b < 1.
The proof that 1 − h is strictly positive in her(1 − p) is quite analogous: If ϕ is a state of her(1 − p) that annihilates 1 − h, then necessarily ϕ(1 − q) = 0. Thus ϕ(1 − p) = 1 = ϕ(q), and since the open projections commute we conclude that ϕ(q − p) = 1, so that ϕ is a state of her(q − p). Now the contradiction follows as before, replacing k by 1 − k in the argument above.
To say that an element a is strictly positive for a hereditary C * -subalgebra her(z) of A means exactly that the range projection [a] of a (i.e. the spectral projection of a in A * * , corresponding to the interval ]0, ∞[) is equal to z. Since we have shown that [h] = q and [1 − h] = 1 − p it follows from spectral theory that
Thus h − h 2 is strictly positive for her(q − p).
Corollary 3.
Let A be a C * -algebra and B, C hereditary, q-commuting C * -subalgebras of A and A, respecitively, such that 1 ∈ B + C and B ∩ C is σ-unital. There is then an element h in A, with 0 ≤ h ≤ 1, such that h is strictly positive in B and 1 − h is strictly positive in C. Moreover, h − h 2 is strictly positive in B ∩ C.
Proof. With B = her(q) and C = her(1−p) this is simply a translation of Theorem 2.
Note that Theorem 1 is the separable and unital case of this corollary. Note that B ⊂ A, since we can find a lift k of p in A, whence x ∈ B sa if and only if x(1−k) ∈ I. Also, B and C are hereditary C * -subalgebras with support projections q + p and 1 − p, where q denotes the open, central, σ-compact projection supporting I, and p is identified with the compact projection k(1 − q). In particular, B and C are q-commuting. Evidently 1 ∈ B + C (as k ∈ B and 1 − k ∈ C) and B ∩ C = I, so the previous corollary applies.
